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Abstract

We consider predictive inference in Linear Mixed Models (LMMs). Specifically, we
study the problem of estimating the predictive density under Kullback-Leibler (KL)
loss in LMMs with a large number of units. We consider flexible classes of empirical
Bayes (EB) predictive densities and develop a novel risk estimation based method-
ology for selecting hyper-parameters of EB predictive density estimates. Our risk
estimation based hyper-parameter selection methodology uses the decision-theoretic
identity in Lemma 2 of George et al. [2006] that connects predictive KL risk for
density estimation to Stein’s unbiased estimate of the quadratic risk in point estima-
tion. Direct construction of unbiased KL risk estimates is not possible in LMMs. We
leverage information in the covariates and exchangeability of the individual effects to
construct asymptotically efficient estimates of the KL risks for wide classes of predic-
tive density estimators. We derive the rates of convergences of the proposed KL risk
estimates (KLRE) and show that EB predictors calibrated by minimizing KLREs are
asymptotically optimal in LMMs.

Keywords: Empirical Bayes; Kullback-Leibler loss; Predictive density estimation; Oracle
optimality; Shrinkage; Risk estimation; Predictive inference; Linear Mixed Models.



1 Introduction

We consider the problem of estimating the predictive density [Aitchison and Dunsmore,
1975, Geisser, 1993] in a linear mixed model [Jiang and Nguyen, 2007, McCulloch and
Searle, 2004, Pinheiro and Bates, 2000]. Linear mixed models (LMMs) are widely used
across various empirical fields of study for their capability to handle data that do not
meet the assumptions of traditional linear regression models [Demidenko, 2013, Verbeke
and Molenberghs, 2012]. LMMs allow fixed effects that are common to all units as well as
random effects which are specific to individual units, and thus, provide a flexible modeling
framework for complex, highly heterogeneous big data analysis [Faraway, 2016].

Consider the following LMM. For each unit « = 1,...,n, we observe K; replicates Xj;.
The expected value of the response Xj;; is linearly related to covariates a;. and wu; by

parameters 3 and ~; respectively. The model is:
X, = a8+ yiuy + o for k=1,... K, and, i = 1,...,n. (1)

The parameter 3 is global and invariant across replicates as well as units whereas the
parameters 7; changes over units. We use bold symbols to denote vectors. While 8 can be
multivariate, ;s are scalars and (1) has n unit-specific slope coefficients. The noise terms

;xS are independently distributed from standard normal distribution. Based on observing

{Xu :k=1,...,K;;i=1,...,n}, consider predicting future observations Y;; from units
1=1,...,n based on the following model:
Yir = @83 + vivie + 0; €, for k = 1,....K;and,i=1,...,n. (2)

The covariates in (1) are allowed to change in (2). However, the parameters are unchanged.
The noise terms €;;, have standard normal distributions and are independent not only across
(i, k) pairs but also of the noise terms in (1). The variances 07,57 are known but can vary
across units. The variances of the future observations in (2) are allowed to be different
from the variances of the past observations in (1).

In (1)-(2), we consider estimating the predictive density of Y = {YVi, : k=1,..., K;; i =
1,...,n} based on observing X ={ Xy :k=1,...,K;;i=1,....,n}. Let p= (8,7 : 1=
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1,...,n). The covariates and variances of (1) are stored in A, U, ¥ with proper indexing
and those of (2) are stored in A, V, 3. Let C' = (A,U,%) and C = (A, U, ¥). Denote the
true density of X and Y conditioned on p by p,(X;C) and p,(Y; C) respectively. Note
that, both p,(X;C) and p,(Y;C) are Gaussian densities. Our objective is to choose a
probability distribution that will effectively predict the behavior of future samples Y. We
construct an estimate p(Y; X, C, C’) of the future conditional density of Y based on X
which is referred to as the predictive density [Seymour, 1971].

Estimating the predictive density is a very important problem in statistical prediction
analysis [see Liang, 2002, Mukherjee, 2013, Xu, 2005 and the references therein|. Unlike
point estimation methods, predictive densities assign probabilities to all potential future
outcomes and thus, offer superior risk assessment and decision-making capabilities [Geisser,
1993]. Predictive densities find application across various domains such as weather forecast-
ing [Taylor and Buizza, 2004], finance [Tay and Wallis, 2000], information theory [Barron
et al., 1998, Liang and Barron, 2005, Yuan and Clarke, 1999] as well as for model diagnostics
and validation [Gelman et al., 2013, 2014, Pardoe, 2001, Yano and Komaki, 2017a.

To evaluate performance of the predictive density estimate (prde) p we use the familiar
Kullback-Leibler (KL) distance [Cover, 1999] as the loss function:

N e A A p(Y:z,C.C)
Lip,p(-;2,C,0C)) = <;Kz) /p“(Y,C') log (W)dy
The corresponding KL risk follows by averaging over the distribution of the past observa-

tions:
R(p,p; C,C) = /pu(X;C) L(p,p(-;X,C,0))dX . (3)

Aslan [2006], Hartigan [1998], Komaki [2001] characterized the asymptotic KL risk in fixed
dimensions through the use of information geometry. In particular, Hartigan [1998] showed
that the KL risk of MLE-based plug-in predictive density asymptotically equals the risk
of any regular Bayes prde in large samples. However, when dimension increases with
sample size, this plug-in and Bayes congruence collapses and plug-in methods can be highly

sub-optimal [George et al., 2012, Mukherjee and Johnstone, 2015]. For predictive density
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estimation in multivariate Gaussian models, the canonical minimax prde, which is the Bayes
prde under uniform prior, is not admissible for dimensions greater than 2 [George et al.,
2006, Ghosh et al., 2008, Komaki, 2001]. In multivariate models, the role of shrinkage priors
is critical for constructing efficient prdes [Brown et al., 2008, Gangopadhyay and Mukherjee,
2021, Ghosh et al., 2011, Komaki, 2004, Maruyama and Strawderman, 2012, Matsuda and
Komaki, 2015, Matsuda and Strawderman, 2022, Mukherjee and Johnstone, 2022, Yano
et al., 2021]. The role of shrinkage in predictive density estimation and its connection with
point-estimation under quadratic loss have been established in [Fourdrinier et al., 2011,
Kubokawa et al., 2013, Mukherjee and Johnstone, 2015, Xu and Liang, 2010].

We consider prdes in (1)-(2) where there are a large number of units, i.e., in regimes
where n — oo. Thus, the resultant model is high-dimensional. However, this high-
dimensional parametric space has a low-dimensional structure in LMMs as we assume
that v = {7; : 1 <i < n} are independent and identically distributed (i.i.d.) according to
a higher level prior g. Hierarchical modeling using the second level prior provides a frame-
work to combine information across units and pooling information from similar resources
can provide significant gains in inference.

The conditional Bayes risk of prior g for any fixed 3 is given by:

R((B.g).p: C.C) = / R(pp: C.C) g(m).. o) dr - (4)

For any fixed @3 this risk is minimized by the conditional Bayes prde p?:

p(8.C.C)(Y: X) = / P (¥ gy X C, B)dr, (5)

where, g(v|X; C,3) is the posterior distribution of « for any fixed 3 based on the obser-

vations and is given by:

n

(m(X;C,8) " [ [ 9(1)ps(X; C), where, m?(X;C, ) = /Hg(%)P(ﬁn)(X;C)dv

i=1
is the marginal distribution based on the prior g and the observed data.
As g is not known, we can not directly use the conditional Bayes prde p9. We undertake

an empirical Bayes (EB) approach [Efron, 2012] to construct an efficient prde. We consider
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a family of distributions G for the prior g. Let the distributions g, in some class G be
indexed by a hyper-parameter h € H. The class of all Bayes prdes for this class G of priors
is

Bg = {p"[B,C,CI(Y;X):heH}
For ease of presentation, we switched the sub-script of the prdes from explicitly referencing
to the prior g, to only its index A in the class. Correspondingly the frequentist risk (3) of
such an estimator is denoted by R(u, h; C,C).

For popular families Bg is a wide class of prdes and our goal here is to select the
optimal member from the class that minimizes the KL risk. We construct estimates
]%(h; C, C’) of the risk that are uniformly efficient for all h € H and propose to select
h = arg min,, R(h . C,C)). We show that such a choice is efficient as the resultant estimator
is asymptotically optimal.

Empirical Bayes (EB) predictive density estimation in Gaussian sequence models (which
are much simpler versions of (1)-(2) with 8 =0, K; = K; =1 and u;, = vy = 1) has been
studied in George et al. [2021], Xu and Zhou [2011]. The most natural approach in prde
is to use a non-informative prior for g in (5). The resultant conditional Bayes prde pY is
minimax that has constant risk for any ~ [Liang and Barron, 2004]. However, shrinkage
prdes can have much lower risk than p” over large subsets of the parametric space and
asymptotically (n — 00) no worse risk over the entire space. EB provides a disciplined
framework for constructing shrinkage prdes by calibrating Bayes prde from a wide family
of priors. Risk estimation [Fourdrinier et al., 2018] prescribes calibration of EB prdes
by minimizing unbiased risk estimates. However, unlike in point estimation, constructing
unbiased estimates for the KL risk of prdes is not straight forward. If G is a Gaussian
family of priors then unbiased estimates of the KL risk can be derived [George et al., 2021].
However, for non-Gaussian families of priors constructing unbiased estimates of the KL risk
is not straightforward. The main difficulty is that the connections between the unbiased risk
estimates for the KL risk and quadratic risk of point-estimation (see (23) in George et al.,

2012) is through an integral equation that involves unobserved quantities. So, while one



of Stein’s lemmas [Stein, 1981] readily yields unbiased risk estimates of point estimators in
Gaussian location models we can not use them for KL risk of prdes. Here, we leverage the
information in the covariate associated with the slope coefficient ~ to construct an estimate
of the predictive KL risk that is asymptotically unbiased for exchangeable . We derive
large sample characteristics of these risk estimates and demonstrate their applicability for
constructing EB prdesin large LMMs.

The paper is organized as follows. In Sec. 2, we present shrinkage prdes and derive
their KL risk. In Sec. 3, we present the proposed risk estimation methodology and its
decision theoretic properties. We provide a procedure to estimate the KL risk of shrinkage
prdes. In Sec 3.1 we quantify the sampling fluctuations of these risk estimates in LMMs
with large number of units. In Sec. 3.3, we provide the asymptotic properties of shrinkage
prdes from popular prior families that are calibrated using the proposed risk estimation
method. We end with a discussion in Sec. 4. All the proofs of the results in this paper are

provided in the Appendix.

2 Shrunken Predictive Density Estimators

In this section, we present shrinkage classes of prdes and derive their KL risk in LMMs.
The risk of shrunken prdes has been widely studied in recent works on predictive infer-
ence [Bhagwat and Marchand, 2023, George et al., 2019, Ghosh et al., 2019, L’Moudden
and Marchand, 2019, Marchand and Sadeghkhani, 2018, Yano and Komaki, 2017b]. To
rigorously study their risk in LMMs, we next assume 3 known and use the principles of

sufficiency [Lehmann and Casella, 2006] to reduce (1) to a cross-sectional model:
K; -1 K;
X; = (Zufk) (Zulk(X,k—a;k,B)> fori=1,...,n.
k=1 k=1

Note that X; follows a normal distribution with mean ; and variance o?/(3", u%) and also

{X; 1 <i<mn} are independent among themselves. Denote: u; = (31i, u2)"/2. Thus,



we have
X, =i +utoe fori=1,... n. (6)

Also, for the conditional prediction model we predict Yie = Yip — a;. B where,

Y = vy + 06 fori=1,... ,nand k = 1,....K;. (7)

The noise term € and ¢ are i.i.d. from standard normal distributions. ~y is the only param-

eter in conditional prediction model (6)-(7). When we consider the conditional model, we

use dots on X and Y to mark that they are centered variables using information of A, A
and (3.

The conditional (fixed 3) Bayes prde based on X = {X; : 1 < i < n} from (6)

decouples as a product of co-ordinatewise Bayes prdes py[(us, 0:), (Vik, 0:)](Yig; X;), which

is given by:

(/py(Xi;ui,ai)g(’y) d’Y) _1/Pw(Yik;Uz'k,5i)ﬁv(Xi;Ui,Ui)9(’Y) dy

where, p,(Yig; vig, 0;) and p,(X;;u;, 0;) are the true densities based on (7) and (6) respec-
tively. Noting, both of them are normal densities we further simplify the expressions and
summarize the result in the following proposition. We denote normal densities with mean

m and standard deviation s by ¢(:|m, s).
Proposition 1 If vi,...,v, i.i.d. from g then for any fized 8 the prde of Y in (7) based
on observing X from (6), that minimizes (4) is given by:

ﬁg(Y'X) _ H f¢(mk;Uz’k%@)(?(vikXi;Uik%uflvzk@)g(’ﬂ dry
pale o J o(vi Xi; vy, ui o) g (v) dy

As the conditional Bayes prde is a product rule, for conducting risk analysis the fun-
damental calculations follows from coordinatewise analysis. We next present the corre-
sponding univariate predictive model and risk properties of aforementioned prdes in such

models.



2.1 Properties of Univariate Predictive KL Risk

Consider the following univariate predictive problem where we observe X and would like

to predict ¢ based on the following model:
i =vy+utvoe and §j = vy + 6¢ (8)

Note that compared to (6), the above model has a scale change in the past observations

whereas the model for the future observations is just the univariate version of (7). This is

done so that the past observation is adjusted to have the same expected value as that of

the future. We use double dots to represent this model and to distinguish it from (6).
Define r = 6%/02. When g is uniform, the Bayes prde in (8) is given by:

P&, u,0) = @3 2, (r + v'u?)o?) (9)
and the frequentist risk of p¥ as in (3) but in the setting of (8) is given by:
r(v, 9% u,v) = 27 og(1 + v*u~2r™t). (10)

For the univariate case, we keep the dependence of o and r in the risk function implicit.

Next, consider the following variable which is a linear combination of X and Y

W(u,v,7) = r(r+0v*u"2) 7 X + 02u2(r + 0% )7y,

W is the the uniformly minimum variance unbiased estimator of ~ if both X and Y were
observed. As Y is not observed, W is not really an estimator. It connects Bayes prdes to
p’. As such it follows directly from Lemma 2 of George et al. [2006] that the Bayes prde
in (8) for any prior g is given by:

PO(§1E, u,v) = ¢f (W u, v)/m (&5 u,0) * P, ] (§; £) (11)
where, ¢ and m are the marginal distributions of # and 1 respectively. Note that, [X |7, u, ] 2z
N(vy, u"20202) and [W |y, u,v,r]  N(vy,02/(r~ + u20~2)), thus,

mo (@i ,0.0) = [ o070 v)g(2)dy and (12)

¢’ (W; u,v,0,1) = /¢(w;v’y,a/(7“_1 +u2v_2)1/2)g(’y)dfy (13)



The risk of any Bayes prde can be written in terms of the expected values of the

log-marginal likelihood of X and the predictive log-likelihood of V.
Proposition 2 The risk of the Bayes prde in (8) based on prior g is given by:

R(%ﬁg;u,v)——log(l—i—r u'v) —E,log ¢! (W;u,v,0,7) + E logm?(X;u,v,0) .

2.2 Risk of Conditional Bayes prdes

Define r; = 67/0?. Then, from (10) and Proposition 1 we obtain the risk of conditional

Bayes prde in (7) based on uniform prior on .

Proposition 3 For any fized 3, the conditional risk of the uniform prior based Bayes prde
in (7) is:
o_ (53 &) S ( . 0_3)
D) <2iZIKZ) ;;log ]+ “ik )
Similarly, extending proposition 2 for univariate predictive risk to the risk of product prdes
in (6)-(7) we obtain the conditional risk of any Bayes prde. We report the difference of the

risks of Bayes prdes from an arbitrary prior g and that of the uniform prior based prde.

Proposition 4 For any fized 3, the conditional risk of the Bayes prde based on prior g
for predicting Y from (7) based on observing X from (6) is:

2[3(7715“(]) - R(%ﬁ )] Rl(%g) RQ(’Y g), where,

Ri(v,9) = (Z

7

-1 n Kz

ZZ]E%{Iogm (vie X3 s, ik, 07) } (14)

)5S
B

-1 n K;

ZZE%{logqg(Wik;uiavikyUiaﬁ)}, (15)

i=1 k=1

i

VR
3

Ro(7.9) =

i=1
i —2\-1, ¥ -2 —2\-1y % -
and, Wy, = ri(r; + viu;?) o X + viu; *(r + viu; 2) Yy for k = 1,...,K; and i =

1,...,n.



Ideally, we would like to minimize the excess risk of Bayes prdes pY with respect to p’ over

the class G of priors. However, as 4 is not known, direct evaluations of R; and R, are not

possible. We propose to estimate Ry(v, g) and R;(7, g) respectively by RY and RY.
Before proceeding further, we impose the following assumption on (2):

Assumption Al: 1 <inf f(z» < sup f(i <K<00.

i
The assumption means we are only predicting a few replicates for each unit and thus, no
unit dominates the other units in terms of prediction tasks. It is a benign assumption
that protects us against the imbalance among the units and facilitates the presentation of
rigorous proof.

Consider the following estimator for Ry (7, g):

-1 n f(i

ng = <;Kz) Zl;logmg(vikXi;ui,vik,ai). (16>

As X; are independent and by assumption 1, R, (7, g) can be well estimated by }?19 . As
such, for well-behaved prior classes G, we will show that Rf’ convergences to the true R,
at a near-parametric rate as n — oo, i.e., |Ri(v,9) — RY] = O,(n""?*loglogn). A formal
proof is presented in the following section.

To provide a reasonable estimate of R, is difficult. We can not use the approach used
in constructing Ry as unlike X; we do not observe Wi. However, if G is a simple family of
priors such as G = {¢(-|0,71/2) : 7 > 0}, then unbiased estimates of Ry can be constructed.
In this case the risk function reduces to terms involving second moments of W which can

be easily calculated leading to quadratic functions of 4. The difference Ry (7, g) — Ra(7, 9)

equals:
i) SO S g (TR0 + ) r ot (f — 7)
_(ZZK") Z{log —1,2 2 R —1,2 2 2 }
i—1 i—1 k1 T(ri v+ ui) + o; (Tui + o7 ){7(r; v +ui) + 0}
(17)

and it can be estimated by replacing 72 above by Xf —u; %02, By theorems 4.1 and 4.2 of

George et al. [2021] we know that this estimate convergences at y/n rate. For most popular
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families of priors we do not have a natural estimate of Rg. In the following section, we

develop a novel method for estimating Ry.

3 Proposed Methodology

3.1 KL Risk Estimation

Note that, though V'Vik has the same mean as UikXi it has much lower variance. To construct
an estimate of Ry, we plan to:

(a) first construct estimates of Wy, based on {X; : j = 1,...,n} such that those estimates
each have the same variance as Wzk This is possible as u;s, o;s varies over i in (6).

For eachi=1,...,nand k = 1,..., K, define the set:

Sk ={Jj 6{1,...,n}:Ufa;2u?—u?—7’i_lvfk20}.

For all j € ;. define,
dirj = UEQU?WJZ‘{U?U;Q(U?;C + Tiulz)’lriu? — 1}

By construction note that d;;; > 0. Next, for each ¢ = 1,...,n and k = 1, .. ., K; and

J € Sik, we construct a new variable by adding scaled i.i.d. standard normal noise Z;;:

Tinj = v Xj + dik/fzijk :

Note that, by construction we have: Var(Tj;)=Var(W;;) and E(Tjr; — Wik) = vie(; — 7).

(b) next, we replace the Wis in Ry by ka in Si. Let |Six| denote the cardinality of the
set Sijx. For the time being, consider Sis are non-empty for all (i,j). Then, we replace
]E’W,{ log qg(VVZk) Ui, Uik, Oj, Tz)} in (15) by
pir(y,9) = S| ! Z E., { log ¢*(Tixj; wi, vik, 04, 73) }
JESik

and consider,



as a surrogate for Rg('y, g). Next, we construct an estimate of Rg(")’, qg).

Note, that le] is a random quantity as it was constructed by adding scaled white
noise. We denote its dependence on white noise by using Tikj(Z ). Consider enumerating
EZ{ log qg(Tikj(Z); Uy, Vi, T rz)} where the expectation of the predictive log-likelihood is
taken over white noise and so, the resultant quantity is not random (once the data X is
fixed). We propose the following estimate of pi (7, g):

Pl = | S|~ Z ]EZ{10gqg(Tikj(Z);uz’yvimaiari)} .
JESik

Finally, we consider the following estimate of Ry (7, ¢):

If oy are i.i.d. from some distribution even outside of G then |Rs(7, g) — Ra(v, g)| — 0 in P.
This asymptotic equivalence holds under model mispecification. Also, in the similar lines
to the discussion below (16), it follows that RY converges to Rs(v,g) at near parametric
rate. Thus, RZQ is an efficient estimator of Rg('y, g). We formally present this result in the
Sec 3.3.

3.2 Calibrated EB prdes

In the previous subsection, we assumed that all S;;s are non-empty. That will never be the
case. Consider all (i, k) such that |S;,| > 1. Put all those (i, k) in S and all others in S.
For (i, k) in S, we will not do any shrinkage as it will be difficult to get good risk estimates.
In this case, we will just use the predictive density estimator based on the uniform prior.

Consider the following prde pg(Y; X ) that fuses p? and pY based on S:

K;

ﬁH( [(ui 04), (vik,51-)](3%;&))1{%65} (ﬁU[(ui,ai),(Uik,@)](}/ik;Xi))

=1 k=

1{(i,k)eS}

The risk of R(~y,p?) of pd(Y; X) directly follows from Proposition 4 with the sum in the
two terms R; and R, in right side being replaced by the sum over only (1,k) pairs in S.

12



We consider the following KL risk estimator (KLRE):

n —1
f??(X)ZR(%ﬁU)+<ZK> S {logm(uuXost oo — ) (15)
=1

(i,k)eS

where, R(~,p") follows from Proposition 3 and is independent of any parameters.

3.3 Asymptotic Properties

To facilitate a rigorous proof on the asymptotic efficiency of the proposed KLRE we make
the following assumptions:

(A2) Consider (a)0 < inf;|u;| < sup; |u;| < 00, 0 < inf;p vy < sup,vie < 0o (b) 0 <
inf; o; < sup,0; < oo, infr; > 0. These are benign assumptions on the LMMs which
impose that we have non-trivial information for each units and are not in a non-degenerate
predictive set-up.

(A3) Define, the dependency index: d, = >, Zszl

Sie|711{|Six| > 0}, which reflects the
total usage (by weights) of the X;s in Rg Assume:

n -1
lim (;K> d2=0.

The above assumption depends on u, v, o, & and is verifiable. Also, note that if u?/o} <
u3jo3... < u?/o? then |Sy| < (i — 1) for all K = 1,...,K;. As such, if addition-
ally sup; v?/r; — 0 then we have |S;,] = ¢ — 1. In this case, by assumption Al, d, <
kY iy |Si|™ < klogn. Thus, we expect the assumption to be valid in most LMMs.
(A4) For any fixed g € G, the fourth moment of g is bounded.

Under these assumptions, we now state our main result on the asymptotic behavior of

our proposed KLRE method.

Theorem 1 Under assumptions A1-A4, for any g € G and for any i.i.d. sequence of ~
with a finite fourth moment of the unit-specific effects, the estimate ch of the KL risk of
the prde p? in (7) satisfies:

i (R(y,p9) — RY) = 0,(1) as n — oo,
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where, ¢, =n~/? (loglogn)d,.

Note that, as n — oo if d,, grows at a polynomial rate in logn (which would be a feature
of the design), the KLRE estimator converges to the true risk at a parametric rate barring
poly-log terms. Next, consider three popular families of priors:

1. Spike and Slab priors. We consider the spike-and-slab prior class with an atom of
mass 1 — 7 at the origin and a laplace distribution with scale a. The class G is indexed by

hyper-parameters H = {(n,a) : 0 <n < 1 and a > 0}. The members of this class are:

gln, al(7) = (L =n)do + (n/2)a exp(—alr]).

This class G; has been extensively studied in the Lasso problem [Rockova and George,
2018].
2. Scaled Mixture of Gaussians: Consider g(7) = >, m¢(-;0, 1), where 0 < vy ... <
vy, is a pre-specified grid of component variances and m, ..., 7 are the unknown mixture
proportions. The hyper-parameters in this family G, are the L — 1 mixture proportion
parameters.
3. Discrete Prior: Consider ¢g(7) = Zlel m0,, where 7; are on a uniform fixed grid with
the weights m > 0 and ), m = 1. The hyper-parameters in this family Gs are the L — 1
weight parameters.

Our proposed prde is pe[h] where h, = argmin,, o, R.[h] where H, is a dense grid in
‘H that depends only on the class of estimators and n. Note, we now index the family of
prdes by hyper-parameter h instead of g. To understand the risk properties of our proposed
prde, we introduce the oracle risk hyper-parameters as those which minimize the true risk
function:

h, = arg min R(’y,ﬁi‘) .
heH

The oracle prde p.[h,](Y; X) is not really an estimator since h, depends on the unknown
parameter values. The oracle is not obtainable in practice but provide the theoretical
benchmark that one can ever hope to reach. Indeed, no prdes in G can have smaller risk

than the oracle risk prde.
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Using Theorem 1, we show the risk of our proposed prde for the above mentioned three

classes converges to the risk of the oracle prde.

Theorem 2 Under assumptions A1-AS3, prdes in the classes G, Go and Gz that are cali-
brated by RKLFE satisfy the following:

égl (R('Yvﬁc[iln]) - R('Vaﬁc[h*])) = Op(1) as n — oo,

where, é, = c,(logn)L.

3.4 EB prdes tuned by KLRE

In the previous subsection, we prescribe choosing the hyper-parameter h based on the
KLRE of the conditional Bayes estimate when 3 is fixed. As 3 is a low-dimensional
parameter, following the EB perspectives in Jiang and Zhang [2010], we can extend our ap-
proach to simultaneously estimate ([‘3, fL) using KLRE. For that purpose, consider rewriting
(18) as
n —1
Rf(X,ﬁ) = R(’YaﬁU) + (Z Kz) Z {10gmh(vik(f(XmB)§Uz‘,vz‘k, oi) — ﬁ?k(ﬂ)} 3
i=1 (i,k)eS
where, we replace {X; : 1 < i < n} in m”" and p, in (18) by f(X;, 3) where the func-
tional form f is provided in the display above (6). We simultaneously estimate (8, 5) as
arg min, ey g Rch(X,B) and prescribe using the prde ﬁ(h”é)(Y;X) based on the form of
the prde given in proposition 1.

If the variances are not known and o; = ; = o for ¢ = 1,...,n, where o is unknown,
we plug-in estimates of ¢ in prdes. Applying our proposed methodology on prdes based
on a consistent point estimate of o will lead to good predictive performance. In this case,
as we have large n and replicates for several cases, obtaining an consistent estimator for o

is not difficult. Consider the set Z = {i: 1 <1i <n and K; > 2}. Define the contrasts:
Fi,B) = {up(Xa — aly8) — un(Xip — ajyB) Huy +upp)~/* fori €T
Then, the estimate 6 = |Z|7' >, ; f2(i, B), where 3 = argming > ez 12(i,8), is a con-

sistent estimator for o as |Z| — oc.
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4 Discussion and Future Work

We consider predictive density estimation under Kullback-Leibler loss in linear mixed mod-
els. Specifically, we adopt an empirical Bayes approach in which prdes are optimally
shrunken using a hyper-parameter selection method based on risk estimation. In forthcom-
ing work, we provide a detailed study, including verifiable conditions on the covariates under
which Assumption A3—governing the rates in Theorem 1—holds. We also include exten-
sive simulation studies illustrating the finite-sample performance of the proposed method
across a variety of covariate distributions.

It is worth noting that the exchangeability of individual effects is crucial for the shrink-
age theory developed in this paper. Extending this theory to non-exchangeable settings
would be an interesting direction for future research. Ghosh and Kubokawa [2018], L’Moudden
and Marchand [2019], Maruyama et al. [2019], Matsuda and Strawderman [2021], Suzuki
and Komaki [2010] examined prdes under general divergence loss, albeit within sequence
models without covariates. In future work, it would be valuable to develop the proposed
method for broader divergence losses.

In the absence of covariates, Kubokawa et al. [2017], Li and Gal [2017], Sadeghkhani
[2022], Sadeghkhani and Ahmed [2020] explored shrunken prdes beyond normal models.
In future, it will be useful to extend the proposed approach with covariates to generalized

linear mixed effects models.
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5 Appendix

Proof of (9). As g is a uniform prior on 7, it is also uniform on vy. Writing vy as 4 we

have, the Bayes prde based on the uniform prior as:

[ 615 20) oG . o) (0,0}
/2

where, m(%; u,v) = [ ¢(&|5,u'vo) dy = 1. Define, p = vy, s =v/uand k = (r~'+s72)
Next, note that ¢(ij |7, ) ¢(Z |y, u " vo) is proportional to

exp{—(j — n)*/(2ro®) — (j — n)*/(20%s%)}.
This decomposes as:

1 1/i @ 1 /2 @2 1/(i &)\’
P LT\ TG Te)) P T\ e e T

The first term is a normal density function with respect to p and is integrable. The

constants are independent of & and j. For the second term it can be further simplified to:
1 - @)
exp| —=— - —= |,
P 202 r+s?

Proof of (10). By definition, the risk of p’ is given by

2 log <2(r+v2u_2)02) +{ EY -X)? 1}‘

ro? 202(r +v%u=?) 2

and the result follows.

Decomposing E(Y — X)2 = E(Y —v7)? + E(X — vy)? = 0% 4 0%u~ %02, the result follows.
Proof of proposition 1. First note that conditioned on 8 and 7, the true density of Y’
is a product density across (i, k) pairs and the true density of X is also a product density
across ¢ = 1,...,n. As we consider product priors on 7, for any fixed 3, the corresponding
Bayes predictive density estimates are co-ordinatewise Bayes rule. The proof then follows
directly from the expression of the product of co-ordinatewise Bayes prdes that is presented
in the display just before the proposition. We consider a change of variable and consider

the density of v X; instead of X; for the (i, k) coordinate. The scale transformation does

17



not add any terms in the density as the terms in the Jacobian appear both in the numerator
and denominator and so, get cancelled off.

Proof of proposition 2. The proof follows from (16) in Lemma 2 of George et al. [2006].
Proof of proposition 3. By proposition 1, as the Bayes prde from the uniform prior is

a product rule (conditioned on /) its risk decomposes into sum of univariate risks:

-1 n

:(iil&) ZZT Vir B i, Vi),

i=1 k=1

and then, the result follows by applying (10).

Proof of proposition 4. By proposition 1, conditional on 3 the Bayes prde pY is a
product rule and so, its risk decouples into sum of univariate predictive risks which are
derived based on the proposition 2.

Proof of (17) Direct evaluations of Gaussian convolutions yield

mg(vikXi;ui,vik,ai) = 2n(viT + u; 2v2.020))” 1/2 exp{—(vikXi)2(2( VT +u; “2v2.02)) "} and,

—1/2
qg(Wik;uiavikyo-i;ri) = (QW{U-ZIJ + 0—12)}> / GXP{ (mk)z }
' (7“2'_1 + U?/“?k 2{1%7 + 02/( f Uz/“m)}

Thus, we have 2 E[log m? (vix Xi; us, vik, 0;) — log ¢/ (Wix; ui, vig, 07, 7)) equals

log VET + U’vakUQ  Ef(vaXi)? E[(Wm)z}
viT+{o?/(ri' + u%k)} VR T + u; v?wz VRT + {02/( L+ u?/vm
— _log VAT U Uzka vk uvho? Rk o /(7 ud o)
v+ {0/ (r;] t+ u?fvi)}  vRT + u;ZU?kUzZ Vi T+ 07 /(r; b+ u? v}
] T+Ui 12 %‘2+Ui_2‘7i2 %‘2+Uz‘2/< ViR +Uz‘)
= — 10 —
STt/ Ohe s} el ot /hr )
(T ) o+ ) TR~ 1)
= — 10 —
L ) B R e R B

Thus, the difference between Ry (v, g) and Ry(y, g) is

ZQK 'S0 1o TN ) | ot -

i=1 k=1 T(ry 02+u>+0 (Tuzz+o-i){T(r Uzk+u)+‘72}}

which completes the proof.
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Proof of Theorem 1. The proof of the theorem involves the following three steps. For
any fixed v we need to prove:

Step 1. Ri(v,9) — R{ = O,((loglogn)/v/n).

Step 2. Rs(y,9) — RS = Oy((loglogn)(d?/v/n).

Step 3. Ra(7v,9) — Rs(7,9) = Op((loglogn)d? //n).

Proof of Step 1. We begin with bounding

_1K

= Var (ZK) Z{logmg(vlle,uz,vlk,al)}

k=1

By applying Jensen’s inequality to the function y — 3%, we have

2

n —2 Rz
Mf < (Z Kl) E Zlogmg(vikXi;ui,vik,ai)
k=1

i=1
n R -2 _ f(l ) 9

< ZKi KiZE [(logmg(vikXi;ui,vik,ai)) } )
i=1 k=1

Then, consider bounding E[(log mg(vz-kX,-; Ui, Vik, 0;))?. Observe
m? (v X3 Wi, Vi, 07) = /gb(vikXi;ui'%ui_lvikgi)g(’y)d'Y < 1/{V2m(u; ogoi) },

and so, we can upper bound E[(log mg(vikXi; U, Vi, 04) ) by

+ log

E | (1og mg(vikXi;lui, Vik, 04)
(V27 (u; vigo;))~t

2
1
V21 (u; togo;)

) 2
mI (vie Xi; Us, Vig, 0;) 1 9
<2E | (1o + 2(log{ V27 (u; vio; )
- < & (\/QW(U;IUikUi))_l > (logt ( w0)})

By Jensen’s inequality the above is again bounded by

. 2
(v Xi; wiry, uj vioi) } “1 N2
2E{E7N9 <log (Var(a Yomor) ) ) + 2(log{ V27 (u; vixo;)})=.
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Next, by using the inequalities (a + b)? < 2a* + 2b? and (a + b)* < 53(a* + b*), we finally
bound E[(log m? (v X;; ug, vir, 05))> by

) 2
kX — uiy)?
w{E,., | S og (VR o)}
2(u; " vi0;)?
ud ) ud
<c <U_ZEX¢ [Xﬂ + U4—:74]E7”9 [’yﬂ) + (log 27r)2 + 4{10g(u;10ik0i)}2,

where, ¢ is an absolute constants (specifically, say, 500). Substituting E[X}] = E,..,.E | 7[X 1
where the true distribution of v is denoted by ¢*, we further simplify the upper bound on
E[(log m9 (vi X; Ui, ik, 07))? as
oy o
(o: By 7] + 3 + TZJZ‘.‘EVNQ [’yﬂ) + (log 27)? + 4{log(u; 'viy0:)}?,

where ¢’ is an absolute constant. Thus, we get

2
"o - -yt
M} < <ZK@-> K} + K} ZEM 7] + Kish B[] D v

i,k

" —2
- (Z f(z> K? (c +max(u Yo)) T By g [y ]+max(uilvikai)_4E7Ng[fy4]>
i=1
where ¢’ is an absolute constant plus 4 max; j (log u;” Ywioi)?. So, we finally get
Z M? <n~'¢” with a constant ¢” independent from n,

which completes Step 1 by the Chebyshev inequality.

Proof of Step 2. Hereafter, without any loss of generality assume K; =1, 0; =1, 7; = r
forall i = 1,...,n. We denote Sy, as S; as K; = 1. Also, without loss of generality we can
assume: 0 < u? < u3 < ... <wu?. This implies:

(a) [Si| <i—1fori=1,...,m;

(b) |S;| is monotonically non-decreasing in ;

(c)if j € S; then k € S; for all k < j.

Thus, we will using p’ for ¢ = 1 and for all other ¢ such that |S;| = 0. We use p? for
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1 > 2. For ease of presentation, we skip using the suffix ¢ for the prdes as well as their risks
henceforth. Also, we do not explicitly denote the dependence of r in the risk calculations.

Define s; = |9;|. Note that:
) n n i—1 ]
R3<77g> = n_l sz(7>g) = n_l Z Si_l ZE’Yj{ 1qug(T‘U7 Uy, U’L)} . 1{] € Sl}?
=2 =2 j=1

n—1 n
=0y Y s By {log ¢! (T w0} - 1{j € S}

=1 i=j+1
Similarly, we have:
n—1 n )
R =303 s B2 {log ¢ (T(2);us,vi)} - 1{j € Si} (19)
J=1 i=j+1

It is easy to see that }?29 is an unbiased estimate of Rs(, g). We next want to calculate its
variance. For that purpose, we represent the terms in the right side of (19) as functions of
X, for j =1,...,n and rewrite R{ as:

n

n—1
n—"" ZAj where, A; = Z sl f (0 X5 ug,vi) - 1{5 € Si}.

j=1 i=j+1

Note that, A; are independent of each other and so,

A

n—1
Var(RJ) = n? Z Var(A;).
j=1

Next, we bound Var(A;) < {> 1., sib o 1{j € Si}Y2 * {max;>;41 Var(f(v; X;; us, v;))}
The first term is bounded by nd?. The second term is bounded via the similar calculus as
in Step 1 and so, Var(R{) = O,(d? /n).

Proof of Step 3. By definition,

n

RQ(%Q) = %Zf(7i>Ui7vi)a

1=2

f(v,u,v) :/{log/(b(g(v?rl;;)—m +Z>g(a) da} 6(2) dz.
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where,




We assume that « are i.i.d. from g (this is different from g), w,v are i.i.d. from p; and po
respectively. Also, 7, u, v are independent among themselves.

Next, consider:

n  i—1

. 1 '
R3(v.9) = — ZZS;IJC(%‘,U@,W)H] € S}
i=2 j=1

As v, u and v are independent, by Tower property of conditional expectation, we have:
B(Ralv.9)} = Ela(r,.9)} = [ #0003 pa(wpa()ddude,
Next, note that Var(Ry) = n — ' Var(f (7, u,v)). Also,
Var(Rs) = Var(E(Rs|u, v)) + E(Var(Rs|u, v)).

The first term in the right side above is Var(n™' """, E{ f(7|u;,v;)}) which is O,(n™1).
The second term is O,(n~'d2) in the similar lines to the proof of step 2. This completes
the proof.

Proof of Theorem 2. Noting that all priors in the above classes satisfy Assumption A4
of Theorem 1, the proof of the asymptotic control on the risk of the prescribed PRDEs
follows similarly to the proof of Theorem 3.3 in Xie et al. [2012].
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